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Monte Carlo (MC) simulations of the magnetization states of disordered self-assembled arrays of
particles consisting of Co87Cu13 alloy are investigated. The assemblies of magnetic particles with
ellipsoidal shapes and volumes ranging from 5 to 50 lm3 exhibit densities of about 3 � 106

particles per mm2. Magnetization was obtained in the framework of Stoner–Wohlfarth model
extended to include phenomenological contributions of second-order magnetic anisotropy and
coercivity mechanism with distinct configuration of easy axes of magnetization. MC simulations
for assemblies containing no more than 100 particles with negligible magnetic interaction between
each other and exhibiting saturation magnetization and magnetic anisotropy constant values close
to those found for cobalt in bulk are in good agreement with experimental results. We evaluate
and validate our computational modeling using samples having particles with different sizes and
different angular distributions of the easy axis of magnetization. A simple numerical approach
with minimum of parameters was used to take into account the coercive fields of the samples.
Reasonable simulation results are generated based on realistic size distributions and angular
distributions of easy axis of magnetization.

PACS numbers: 75.30.Gw,75.60-d,75.70-i

I. INTRODUCTION

Systems of magnetic particles in the micro and nano-
metric size range exhibit a wide variety of experimental
behavior1,2 with important technological uses mainly in
the magnetic data storage technologies3–5 and in medi-
cine.6 The Stoner–Wohlfarth (SW) model7 describes the
major hysteresis loop for an isotropic system of randomly
oriented and identical single-particles, but it is mostly
used to study dilute noninteracting systems of randomly
aligned single-domain particles presenting uniaxial

anisotropy. Only uniaxial anisotropy and the Zeeman
energy are considered, resulting in a coherent magnetiza-
tion rotation mechanism. SW model is also a reasonable
first-order approach to describe the magnetization curves
of polycrystalline materials consisting of an assembly of
small noninteracting particles with uniaxial anisotropy and
for a wide range of particle sizes. Nevertheless, in dense
systems the mutual interactions between the magnetic
particles is commonly assumed to play a dominant role.
A wide variety of magnetic responses (magnetization and
demagnetization processes, magnetization reversal and
switching, time relaxation, blocking phenomena, among
others) takes place for dense assemblies of fine (sizes from
a few tens of nanometers to several tens of micrometers)
ferromagnetic particles assuming coherent magnetization
rotation and nucleation within particles with uniaxial
anisotropy. Further features like particle shapes, array
geometries, dipole–dipole interactions between particles
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affect significantly the dynamic and static magnetic
properties.8–14 In contrast to dilute systems, dense systems
are not completely understood even in patterned arrays of
neatly coupled objects. The design of dense magnetic
systems microscaled and nanoscaled is a key issue for
future applications to high-density magnetic recording.
Mean-field approximation and Monte Carlo (MC) simu-
lations12,15 are often used to study dense systems. Both
approaches have been made to improve the accuracy of the
magnetic properties simulation of real particle systems
with irregular shape, nonuniform size, and disordered
spatial distribution of easy axes of magnetization with or
without dipolar interaction.16 However, the simplicity of
the micromagnetics modeling and the challenge to com-
pute properly remain important biases in such approaches.

In this work, we investigate dense systems of magnetic
particles of CoCu alloy with nonuniform sizes and irregular
distances, which have easy axis distributions mostly ori-
ented either parallel or perpendicular to the film plane. MC
simulations of the magnetization of dense and disordered
assemblies of particles were performed in the SW model
framework and compared with experimental data.

II. EXPERIMENTAL DETAILS AND
MEASUREMENTS

Electrodeposits of Co87Cu13 alloys were obtained on
polished copper foil substrates from solutions containing
0.5 M CoSO4�7H2O, 0.05 M CuSO4�6H2O, and 1.0 M
Na2SO4 using a chrono-amperometric method with
cathodic potential at a different values of �1.0 V and
�1.1 V versus saturated calomel electrode (SCE) applied
during 90 s.17 The effective thickness of the films is
approximately 0.7 lm. This value is consistent with
observed saturation magnetization and mass evaluations
using electrochemical quartz crystal microbalance.
According to scanning electron microscopy (SEM) anal-
yses performed using a JSM-5800 microscope (JEOL
Ltd., Tokyo, Japan) operating at 25 kV, these electro-
deposits consist of dense assemblies of Co87Cu13 grains.
SEM images shown in Figs. 1(a) and 1(b) reveal different
assemblies of elongated particles for Sample A electro-
deposited at a potential of �1.0 V and Sample B
electrodeposited at a potential of �1.1 V. Sizes and
separations of the grains are variable in the Sample A.
Besides, the elongated axis of each grain is mostly
aligned in the film plane with a broad in-plane angular
distribution. In Sample B, the sizes and separations of the
grains are also variable, but the elongated axis of each
grain tends to align parallel to the normal direction of the
film with a small out-of-plane angular distribution. In this
case, the different choices of the deposition potentials in
the flank of the nucleation wave lead to electrodeposits
with quite distinct distribution of orientations of grains
and alloys with almost the same stoichiometry of

Co87Cu13. Similarly to cobalt films electrodeposited on
copper substrates, these films display a mixture of face-
centered cubic and hexagonal close-packed phase, whose
proportion and grain morphology depend on the de-
position potential.18 We investigate in the present work
the magnetic behavior of the electrodeposits, whose
morphology presents distinct assemblies of grains (here-
after called particles).

Magnetic hysteresis (M–H) loops measured at room
temperature for these two samples using a vibrating
sample magnetometer (EG&G model VSM-4500, Oak
Ridge, Tennessee) are shown in Figs. 2(a) and 2(b).
Magnetization M is normalized to the saturation magne-
tizationMS, whereas the magnetic field H is applied along
different directions relative to the film plane. Clearly, M–

H loops depend on the angle of the applied magnetic field
relative to film plane and angular distributions of the
elongated axis of the particles significantly affect the
magnetization processes and the magnetic anisotropy.
Different M–H loops are found with magnetic fields
applied along different orientations with respect to the

FIG. 1. SEM images obtained for (a) Sample A and (b) Sample B
prepared at deposition potentials of �1.0 and �1.1 V versus SCE,
respectively. The main pictures are at 1300� magnification.
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film plane. Comparatively to Sample A, which consists of
particles with elongated axis distributed in the film plane,
Sample B with particles having elongated axes mostly
orientated out of the film plane exhibits a magnetization
with stronger out-of-plane component. We will focus our
attention on the M–H loops of these assemblies of
particles in the cases of magnetic field applied perpen-
dicular and parallel to the film plane.

III. SIMULATION DETAILS AND DISCUSSION

Let us now address our physical assumptions to built
a consistent model and perform computational simula-
tions of the M–H loops of these magnetic particle
systems. We assume that the samples can be described
by systems of ellipsoidal particles for Sample A and half-
ellipsoidal particles for Sample B, as shown in Figs. 3(a)
and 3(b). The volume of the particles ranges from 5 to
25 lm3 for Sample A and 3 to 50 lm3 for Sample B. A
density of 3 � 106 particles per mm2 is estimated for
sample areas of 20 mm2 which are used in magnetic
measurements. It is assumed that the magnetic moments
inside each particle are quasihomogeneously magnetized
and only the total magnetization direction along its easy
axis changes from a particle to the next. Every particle i
consists of a single magnetic domain in the sense that its

atomic magnetic moments rotates coherently and their
total magnetic moment li is given by constant absolute
value jlij 5 MSVi. Here, Vi is the volume of particle
i and MS is the saturation magnetization with value of
MS 5 1100 emu/cm3, that is supposed to be independent
of the particle volume. The magnetization of all particles
can rotate freely in any direction when one external field
is applied because the domain wall is not considered.
This model represents the reversible and the irreversible
magnetization process as well, since the abrupt changes
in the orientation of the magnetization mimic the
Barkhausen jumps. In the standard SW model, these
jumps can appear when the magnetic field intensity
crosses the asteroid shape from inside to outside.19

The magnetic anisotropy of each particle is expected to
be similar to that of the pure cobalt. Whereas, the first-
order magnetocrystalline constant denoted by K1 is
assumed to be very close to bulk value, K2 is free to
vary from sample to sample. The shape anisotropy also
contributes to the effective values for K1 and K2

constants.20 The easy axes of each particle are spatially
distributed at random in each sample. However, there are
experimental evidences indicating preferential angular
distributions of the elongated axes either parallel or
perpendicular to the normal direction of the film plane,
as observed in Figs. 1(a) and 1(b). These axes are
assumed as easy axes of magnetization. A small number
(no more than 100) of particles were considered to obtain
a realistic simulation of the M–H loops. The volumes Vi

and orientation of easy axes of magnetization (major axis
of particle) used as inputs for the calculations. These
parameters were independently extracted from the exper-
imental data shown in Figs. 1(a) and 1(b). For sake of
simplicity, we disregard the influence of interparticle
dipole–dipole interactions on the global magnetization.
The total number of particles was progressively increased
from 1 to 100. Although numerical simulation of the
magnetization distribution in a system composed of few
noninteracting magnetic particles can be seen as a simpli-
fied approach, it is striking to realize that a quite good
agreement is obtained between simulated curves and
experimental results using no more than 100 particles.

The total magnetic energy Ei of each particle i is
considered by the sum of three contributions: Zeeman
field energy, magnetic anisotropy terms of energy (either
due to the shape or the crystalline structure of the
particle), and domain nucleation energy. Thus, the
density of magnetic free energy for each particle can be
written as21–25:

Ei ¼ �H �MS þ K1sin
2 hi � hoið Þ þ K2sin

4 hi � hoið Þ þ Ed ;

ð1Þ

where H is the applied magnetic field, MS is the
saturation magnetization, K1 and K2 are the effective

FIG. 2. M–H loops measured at room temperature for (a) Sample A
and (b) Sample B prepared at deposition potentials of �1.0 and �1.1 V
versus SCE, respectively.
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first- and second-order anisotropy constants, that include
a priori magnetocrystalline anisotropy constants added to
shape anisotropy constants,22 hi is the polar angle that the
magnetic moment of i-th particle makes with the film
normal [see Fig. 3(a)], hoi is the polar angle that the easy
axis of the i-th particle makes to the film normal, and Ed

is an additional contribution which takes into account the
domain nucleation energy which is described below.

In Sample A, the particles are assumed as ellipsoids
with variable sizes, whereas in Sample B the particles are
taken as half-ellipsoids of variable sizes. Initially, the
values of hoi are randomly generated by taking random
initial values. This allows the determination of the angular
distribution of the major axis of the particles from the best
agreement between simulated and experimental M–H
loops. For simplicity, the exchange interaction between
particles is disregarded.23 These drastic assumptions are of
importance to test the validity of our present calculations
by comparison with experimental results.

To simulate theM–H loops for a magnetic field applied
along the hard axis, we must take into account that there
are maybe some particles with their easy axes oriented
parallel to the direction of the applied field. This point is
important to solve the so-called Brown paradox which
states that, in general, the experimental coercivity is
much lower than predicted by the SW model. Based on
previous works,24,25 an additional energy contribution is
used only for the particles with their easy axes orientated
parallel to the applied magnetic field which is given by:

Ed ¼ �MSHoi cos hi nð Þ � hi n�1ð Þ
� �

; ð2aÞ

where Hoi are free parameters that control the coercive
field Hc and hi(n) is the angle of the n-th iteration of the

calculation of the magnetization contribution for the i-th
particle. The Ho parameter can be varied from one
direction of application of the field to another due to
the demagnetizing factors26 which also delimit the values
of Ho parameters. This approach leads to quite good
simulation results. The distribution of the coercive fields
from particle to particle prevents the deduction of a pre-
cise evaluation of their collective behavior. However,
when the particles have the easy-axis aligned along the
out-of-plane direction, we must use instead of Eq. (2a),
the following equation:

Ed ¼ �MSHoi sin hi nð Þ � hi n�1ð Þ
� �

; ð2bÞ

here, the energy minimization procedure to obtain the
magnetization needs a more careful analysis than in SW-
like models. Considering that the magnetization value
must lead to a stable equilibrium, it should be closer to its
previous value. Thus, the energy minimization procedure
is performed and compared to the calculated magnetiza-
tion value obtained for an applied field which is slightly
different from the previous one. However, the exact
calculation of the equilibrium positions of the magneti-
zation for a given field leads to a large number of coupled
equations and free parameters. Thus, it was adopted the
following procedure. For a given direction of application
of the magnetic field, the n-th particle presents easy-axis
along or near such a direction in accordance to Figs. 1(a)
and 1(b). To minimize the number of parameters is
imposed a criterion that Ho values are constant for a given
field direction; i.e., there is no angular dependence of this
term relative to the applied field direction.

To validate the model were simulate the M–H loops
measured at room temperature for Sample A and Sample

FIG. 3. Schematic illustration of the assemblies of (a) elongated ellipsoids and (b) half-ellipsoids used to model the morphology of the Samples
A and B, respectively. (c) Convention used to define the angular coordinates between film normal N and major axis (dashed line) of an ellipsoidal
particle, magnetization M and applied field H.
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B with magnetic field applied parallel and perpendicular
to film plane. MC simulations were used to calculate the
magnetization of the particles in the applied magnetic
field for each easy axis configuration of magnetization.
The representative number of particles was increased up
to 100 to obtain reasonable simulations of the magnetic
hysteresis loops. In these simulations considering assem-
blies of N � N particles with N 5 10 were left free to
vary only with the values of second-order anisotropy
constant, K2, and the parameter that controls the co-
ercivity for the assembly of particles, namely Ho. All
others parameters were kept fixed, independent of the
orientation of the applied magnetic field relative to film
plane. MC simulations are shown in Fig. 4 only with
N 5 10. Simulated and measured M–H loops for
magnetic field applied along the in-plane easy axes of
magnetization for Sample A and Sample B are shown in
Figs. 4(a) and 4(b), respectively. A good agreement is
obtained between simulations and experimental results
for both samples, including reasonable values for coer-
civities and remanences. Our simulations of the M–H
loops with magnetic field applied along the hard axis of
magnetization of Sample A and Sample B are shown in
Figs. 4(c) and 4(d), respectively. Again, these simulations
are in good agreement with experimental data. The values
used in these simulations are given in Table I. For
magnetic field applied in the easy axis, both MS and K1

are the same for Samples A and B. Different values for
K2 and HoMS were used to obtain the simulations of
hysteresis loops observed for Sample A and Sample B.
The same MS and K1 values were used for magnetic field
applied along the hard axis. Again, the hysteresis loops
for Sample A and Sample B are better reproduced using
different values for K2 and HoMS. Such changes in K2

and Ho are expected because the contribution of shape
anisotropy is included in the K2 anisotropy constant and
Ho values. These values depend on the average major
axis of the particles along the applied field direction.

According to the simulations for Sample A, the easy
axes of magnetization are aligned parallel to the film
normal for 6% of the particles. For the remaining 94% of
the particles, the easy axes of magnetization exhibit
azimuthal angles randomly oriented in the film plane
and polar angles ranging in between 45° and 90° (in the
film plane). For Sample B, the simulations correspond to
40% of the particles with easy axes of magnetization
aligned along the film normal and the remainder particles
present a distribution of the easy axis of magnetization
centered at 0° with an angular opening of 45° and a width
of approximately 26°. These features are in good
agreement with the features of SEM images shown in
Figs. 1(a) and 1(b). Therefore, reasonable simulation
results are generated using realistic size distributions
and angular distributions of easy axes of magnetization.

FIG. 4. Simulated (red filled circles) and experimental (blue filled squares) M–H loops for Sample A and Sample B with magnetic field applied
along the easy magnetic axes in the film plane (a and b) and hard magnetic axes perpendicular to the film plane (c and d).
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In our simulations, the values of MS and K1 are kept
constant and quite close to values found for bulk Co. It is
noticed that the minus signal of K1 results from the polar
angle definition with respect to the film plane in our
measurements. Despite the intervention of the shape
anisotropy constants, K2 values resulting from simula-
tions are also quite reasonable if compared to values
reported for bulk Co. In a certain way, it is therefore
surprising that the reasonable simulations of the experi-
mental results were obtained using a modified-SW model
and considering a relatively small number of particles
without dipole–dipole interactions and interparticle ex-
change coupling. A possible explanation to successful
MC simulations is that coherent rotation of magnetization
and quite uniform switching field are in fact predominant
mechanisms. Furthermore, it is likely that dipole–dipole
interactions have weak effective strength and conforma-
tion of the particles creates a spatial variation of the local
magnetic properties, such that the intrinsic shape anisot-
ropy and coercivity of each particle becomes efficient
enough to break the interactions between particles.23 The
idea of introducing the magnetic dipolar interaction
within an extension of the SW model is a very appealing
goal, but very difficult indeed since the dipolar interac-
tion is highly nonlinear. Also, the energy minimization
procedure to calculate the magnetization for an applied
field becomes much more complex if is taken into
account the dipole–dipole interaction between particles.
Dipolar interaction between particles can be made using
the expression:

Edip ¼
X

i 6¼j

li � lj
�
rij

3 �3 li � rij
� �

lj � rij
� ��

rij
5

� �
; ð3Þ

where li and lj are the magnetic moment of the particles
at sites i or j and rij 5 jrijj is the distance between the
centers of the particles. It is worth noticing that magnetic
dipole–dipole interactions are directional, repulsive, or
attractive depending on the relative orientation of the
dipoles in the space. The dipolar energy density decays as
the inverse cube of the distance between particles and
scales linearly with volume of the particle. Taking the
average values of particle volumes and interparticle
distances, one can estimate an average dipolar energy
per unit volume not exceeding U (5 hEdip/Vii); 2 � 106

erg/cm3. Therefore, the ratio U/jK1j ; 0.4 indicates an
average dipolar interaction smaller than the first-order
effective anisotropy term. Another magnetic interaction
disregarded in our simulations is the interparticle ex-
change coupling which predominates when the ratio of
surface area to volume increases with decreasing particle
size.23 Also, the interparticle exchange coupling depends
on the imperfections of particle boundaries and it
generally results in a decrease of exchange coupling with
the disconnection of the particles.23 Therefore, different
sizes and shapes of particles, together with coercive
mechanism related with spatial distribution of magneti-
zation easy axes, contributing to the magnetic interactions
play a minor role in both samples. Comparison with
experimental data justifies our calculations with only
a few realistic magnetic parameters.

IV. CONCLUSIONS

We developed MC simulations of the M–H loops
based on extended SW model that take into account
second-order anisotropy contribution and phenomenolog-
ical nucleation for dense assemblies of magnetically
noninteracting particles with variable sizes and interpar-
ticle distances. Coercive field values rather similar to
experimental ones were obtained using a phenomenolog-
ical nucleation energy term for magnetic particles. Our
simulations reproduce quite well experimental results
despite the choice of a relatively small number of
magnetic particles; i.e., M–H loops were simulated
considering only 100 particles, whereas sample sizes
used in the magnetization measurements typically contain
106 to 107 particles. Indeed, the overall agreement
between MC simulations and experimental data are
satisfactory for assembly containing more than 100
particles, even if some discrepancies between simulated
and experimental M–H loops are observed.

In summary, our present approach can be generalized
for other systems. A relatively small number of particles
were used to form a prototypal system of particles which
are used to simulate a realistic system with a much larger
number of individual particles. The relevance of dipole–
dipole interaction between particles is not always crucial
to obtain physically consistent simulations of the global
magnetization of particles. In a certain way, our results
demonstrate that a quite simplified extension of the SW
model can be used to simulate dense assemblies of
particles with nonuniform sizes, irregular distances, and
distinct configurations of easy axes of magnetization. In
view of the unavoidable fluctuations and deviations in
size, shape, and/or intercomponent distances in many
realistic self- and pattern-assembled templates of par-
ticles, the simplicity of our modeling deserves attention.
Particularly, these results are important for the design and
implementation of magnetic devices when noninteracting

TABLE I. Magnetic parameters resulting from the MC simulations of
magnetic hysteresis.

Sample Axis
MS

(emu/cm3)
K1

(106 erg/cm3)
K2

(106 erg/cm3)
HoMS

(106 erg/cm3)

A
Easy 1100 �5.02 11.69 �3.21
Hard 1100 �5.02 10.64 �5.93

B
Easy 1100 �5.02 10.85 �4.17
Hard 1100 �5.02 10.25 �1.33
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magnetic particles are considered to store and process
information.
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