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Magnetic flux penetration in nanoscale wedge-shaped superconducting thin films
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Thickness uniformity is regarded as an important parameter in designing thin film devices. However, some
applications based on films with nonuniform thickness have recently emerged, such as gas sensors and optimized
materials based on the gradual change of film composition. This work deals with superconducting Pb thin films
with a thickness gradient prepared with the aid of a diffuse stencil mask. Atomic force microscopy and energy-
dispersive x-ray spectroscopy show variations in the range 90 nm–154 nm. Quantitative magneto-optical images
reveal interesting features during both the abrupt and the smooth penetration regimes of magnetic flux, as well as
the thickness-dependent critical current density (Jc). In addition, we observe a gradual superconducting transition
as the upper critical field is progressively reached for certain thicknesses. Furthermore, the hysteresis observed
for triggering flux avalanches when increasing and decreasing magnetic fields is also accounted for by the Jc

profile evolution along the thickness gradient. Numerical simulations based on the thermomagnetic model are
in fair agreement with the experimental data. These findings demonstrate that wedge-shaped films are a viable
approach to investigate, in a continuous fashion, thickness-dependent properties of superconducting materials.

DOI: 10.1103/PhysRevB.106.224520

I. INTRODUCTION

Several promising technologies, such as superconducting
qubits [1,2] or single photon detectors [3,4], are based on thin
films. Nonuniform thickness distributions are described as a
common point of concern for different evaporation techniques
[5]. In fact, great effort has been exerted to optimize prepa-
ration conditions to guarantee uniformity and reproducibility
in films used for a large diversity of applications [6–11].
However, it is possible to harness differences in material
properties arising from thickness gradients to develop devices
with complex responses. For example, the ideal composition
of Ti-Ni-based shape memory alloys with near-zero thermal
hysteresis was identified and later produced as a bulky mate-
rial following an approach based on thin-film combinatorial
deposition of nanoscale wedgelike multilayers with varying
material composition and high-throughput characterization
methods [12,13]. Recently, this strategy was also applied
to control the Ce doping concentration in the superconduc-
tor La2−xCexCuO4 to investigate the anomalous non-Fermi
liquid behavior and the mechanism for the superconductiv-
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ity in those systems [14]. Another example is related to
novel gas sensors using thickness gradient films to detect
low concentrations of hydrogen and ethanol gases [15,16].
Furthermore, wedge-shaped superconducting-ferromagnetic
heterostructures have successfully been used to prepare tunnel
junction arrays presenting multiple 0-π transitions [17] and
spin-valve cores [18].

For single superconducting layers, specimens with graded
thickness or nonuniform critical current density, Jc, have been
investigated on a theoretical and numerical basis [19–22].
Exceptionally, Sabatino et al. [23] unveiled a directed vor-
tex motion on a uniform film of micrometric dimensions
with asymmetric thickness profile edges and confirmed their
findings by time-dependent Ginzburg-Landau (TDGL) sim-
ulations. Later on, Gladilin et al. [24] employed the TDGL
formalism to numerically investigate the dynamics of pene-
trated magnetic flux in a wedge-shaped film made of a type-I
superconductor and steep enough to allow the thinnest part to
behave as a type-II superconductor. In general, for nonuni-
form thick samples, there are a number of numerical and
experimental investigations pointing to an important thickness
dependent Jc(d ) [25–32].

For type-II superconductors, critical state models [33–35]
are a powerful tool to unveil superconducting properties. They
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state that current flows in the superconductor at its critical
value wherever there are vortices penetrated. For the simpler
Bean model [33], Jc is independent of the local flux den-
sity, Bz, however, a flux-dependent Jc(Bz ) may be essential
to describe some subtle features [36–39]. In general, knowl-
edge of the flux distribution provides information about the
current distribution throughout the specimen [40–44]. The
critical state models do not account for all possible scenarios
of magnetic flux penetration. This is particularly the case for
thin films, for which stochastic abrupt dendritic flux pene-
tration events, known as flux avalanches, take place at low
temperatures [45–47]. The origin of such avalanches are ther-
momagnetic instabilities [46], occurring when the material
cannot assimilate the heat generated by vortex motion, thus
resulting in a positive-gain feedback loop, which initiates a
macroscopic magnetic flux burst characterized by a dendritic
pattern.

Despite the unpredictable nature of these catastrophic
events, much is known about the general influence of differ-
ent environmental and sample parameters on their behavior
[48,49]. For instance, an increase in temperature leads to
fewer but more branched and larger avalanches [50,51]. They
are also triggered for lower fields in films decorated with
microscopic arrays of defects [47,52]. Besides that, their mor-
phology is profoundly influenced by the geometry of the
defect and its lattice symmetry [53]. Film thickness also in-
fluences the flux avalanches since thinner samples require
a lower applied magnetic field to trigger the first avalanche
[54–56]. These abrupt flux penetrations may be detrimental
to applications because an avalanche can locally destroy the
superconducting state [49]. As such, their understanding is
crucial for developing large-area thin superconducting de-
vices. In particular, a comprehensive experimental study about
the effects of thickness variation throughout large areas is still
lacking.

In this work, we report experimental and numerical investi-
gations on the flux penetration in a type-II superconducting Pb
wedge-shaped film of millimetric lateral dimensions. Atomic
force microscopy (AFM), energy-dispersive x-ray spec-
troscopy (EDS), and scanning electron microscopy (SEM)
were used to characterize the wedge profile and the struc-
tural properties of the sample. The magneto-optical imaging
(MOI) technique and numerical simulations based on the
thermomagnetic (TM) model shed light on the magnetic flux
penetration and the superconducting current distribution as the
thickness changes gradually throughout the specimen. Both
MOI and TM model reveal the impact of thickness on the
avalanche morphology and their dependence on the magnetic
history.

II. MATERIALS AND METHODS

A. Sample details

A 2×7 mm2 Pb film was deposited onto a Si (100)
substrate by conventional thermal evaporation with a thick-
ness gradient along its longest dimension. A diffuse-
shadow mask was used to create the wedge, spanning
the thickness in the range 90 nm–154 nm. A 20 nm-
thick uniform protective Ge layer was deposited on top

of the film. Microstructural characterization was done
by AFM and SEM/EDS. The AFM images were cap-
tured in the peak-force tapping mode using a Digital
Instruments Nanoscope V. The SEM/EDS measurements were
carried out in a Philips XL-30 FEG Scanning Electron Mi-
croscope together with a XFLash 6/60 Bruker x-ray detector.
Details of the sample fabrication and SEM/EDS analyses are
presented in Appendixes A and B, respectively.

Additionally, samples with different geometries and thick-
ness gradients, oriented along the edges and diagonally to the
edges of the samples, were fabricated and investigated. The
results obtained reproduce and confirm those described in this
work. For clarity, the discussion is focused on the rectangu-
lar wedge-shaped film described in the previous paragraph,
which presents the largest variation of the superconducting
properties.

B. Quantitative MOI

The MOI technique is employed to visualize the spatial
distribution of penetrated flux in the nanoscale wedge-shaped
superconducting film. This technique relies on the Faraday
effect in an indicator film, where polarized light will have its
polarization rotated proportionally to the local magnetic field
in the indicator, placed on top of the superconducting speci-
men. The indicator used in the present work is a Bi-substituted
yttrium iron garnet film (Bi:YIG) with in-plane magnetiza-
tion, covered with a 100 nm-thick Al mirror [57,58]. The
resulting magneto-optical (MO) images are captured by a
charge-coupled device (CCD) camera and show a qualitative
magnetic flux distribution throughout the superconducting
film, where the local brightness is related to the magnitude of
the perpendicular flux density. A quantitative Bz(x, y) picture
is obtained using a pixel-by-pixel calibration algorithm im-
plemented on MATLAB [59]. We also correct for sample drift
with a precision of ±2 pixels (or ±8.3 μm) in the position
of any given image during the runs by employing the plug-in
STACKREG [60] together with IMAGEJ software [61]. The two-
dimensional current distribution can be obtained from Bz(x, y)
by making a numerical inversion of the Biot-Savart law. In our
case, we used the algorithm provided by Meltzer et al. [62].

The critical temperature of a sister sample from the same
batch, determined in a Quantum Design MPMS-5S magne-
tometer using ac susceptibility measurements, is Tc = (7.20
± 0.05) K, whereas Tc determined by the uniform lack of
image contrast using the MOI is T MOI

c = (5.1 ± 0.1) K, as
presented in Appendix C. This difference is a consequence
of a nonoptimum thermal contact between the sample and
the cold finger. In order to obtain a meaningful comparison
between MOI data and numerical simulations, the former is
expressed in units of reduced temperature T/T MOI

c and the
latter in t = T/Tc.

C. Numerical simulations

The magnetic flux penetration in the wedge-shaped su-
perconducting Pb films is further numerically investigated
by the TM model [46,50,63], providing deeper insight into
the observed thickness-dependent characteristic of the flux
instabilities. Here, we consider a superconducting film with
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length of 2L = 7 mm and width of 2W = 2 mm, the same as
the deposited film, and space-varying thickness d (x, y). The
sample is zero-field cooled (ZFC) to a base temperature T0.
The nonlinear material characteristics of the superconductor
are described by the general E − j constitutive law:

E =
{

ρn( j/dJc)n−1j/d if j < dJc and T < Tc,

ρnj/d otherwise,
(1)

where ρn is the normal state resistivity, j is the sheet cur-
rent, which is defined as j(x, y) = ∫ d/2

−d/2 J(x, y, z)dz, and n
is the flux creep exponent. The temperature dependencies
are Jc = Jc0(d )(1 − T/Tc) and n = n0Tc/T − 50 [53]. The Jc

dependency on thickness across the sample has been taken
from the experimental results as will be explained in the next
section.

The electrodynamics of the superconducting thin film
exposed to a transverse magnetic field follows Maxwell’s
equations:

Ḃ = −∇×E, ∇×H = jδ(z), and ∇ · B = 0, (2)

with B = μ0H, and ∇ · j = 0. Thermomagnetic instabilities
resulting from coupling the nonlinear electromagnetic char-
acteristics of superconductors and the Joule heating created
by magnetic flux motion. Thus the electrodynamics is supple-
mented by the heat diffusion equation

dcṪ = dκ∇2T − h(T − T0) + j · E, (3)

where, κ , c, and h are the thermal conductivity, the specific
heat, and the coefficient for heat removal to the substrate,
which are all assumed to be proportional to T 3. The terms
on the right side of Eq. (3) are related to the heat conduction
within the film, heat flow to the substrate, and positive feed-
back due to Joule heating, respectively. A flux avalanche will
occur if the superconductor cannot evacuate heat fast enough,
triggering a positive-gain feedback loop depending on the
relative significance between the magnetic flux diffusion (Dm)
and the thermal diffusion (Dt ) coefficients [64]. The key pa-
rameter controlling the occurrence of avalanches is given by
τ = Dt/Dm = μ0κ0σ/c.

We solve Eq. (3) together with Eqs. (1) and (2), using a real
space/Fourier space hybrid method proposed by Vestgården
et al. [50] with boundary conditions with j = 0 outside the
superconducting film. The parameters used in the simulation
are related to Pb films [65]: Tc = 7.2 K, ρn = 5.7×10−9 �m,
κ (T = Tc) = 20 W/Km, c(T = Tc) = 3×104 J/Km3, and
h(T = Tc) = 1×104 W/Km2. We choose n0 = 90 and limit
the creep exponent to a maximum value of nmax = 100.

III. RESULTS AND DISCUSSION

An important first step consists in characterizing the struc-
ture of the wedge-shaped films from millimetric down to
nanoscopic scales. Figure 1(a) shows an optical image of the
rectangular film with reasonably well-defined edges and the
five regions where the thickness variation was investigated,
indicated by colored square boxes. Representative thickness
profiles obtained from AFM images are presented in Fig. 1(b).
The thickness values for each region, represented by the col-
ored dashed lines, were evaluated by averaging six different

FIG. 1. Sample characterization. (a) Optical image of the wedge-
shaped film, which shows five regions along the y axis where the
thickness was determined. (b) Representative thickness profiles for
the different indicated sample regions taken from AFM images.
Dashed lines correspond to the averaged thickness over different
profiles. (c) Thickness versus y position obtained from the AFM
data. The dashed black line is the thickness used in the numerical
simulations. The gray-black vertical bar at the left side of (a) is a
pictorial representation of the thickness variation along the wedge.

profiles and present standard deviations between 4 nm and
6 nm. To evaluate these Pb thicknesses, we subtract 20 nm
referent to the Ge layer. Figure 1(c) shows the film thick-
ness versus vertical position obtained from the AFM data.
The dashed lines are an approximation of the real thickness
profile and were used in the numerical simulations. The mi-
crostructure and thickness evolution throughout the film are
corroborated by SEM images and EDS spectra, as shown in
Appendix B.

The flux distribution along the gradient film was inves-
tigated by MOI, as shown in Figs. 2(a)–2(d) at constant
temperature t = 0.59 and for increasing applied fields after
a ZFC procedure. All MO images in this work had their
contrast adjusted to prevent overexposure. Below each image,
a color bar quantifies Bz throughout the sample. The gray
smudge at the left side represents a region where vacuum
grease unexpectedly jumped from the cold finger assembly
during the experiment. Its gray level was kept constant for all
MO images throughout the text. Fortunately, the smudge lies
above the MO indicator and does not affect the response of
the sample. The flux penetration observed at this temperature
is as described by the critical state models [33,34,66]. In the
top thicker half of the sample, the flux front penetrates deeper
and becomes more apparent above H = 22 Oe. Consequently,
its shielding capability is inferior to that of the bottom half
(thinner region). In addition, the flux fronts on the left and
right borders close to the top and bottom edges are affected as
a consequence of the supercurrents, which have to adapt to the
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FIG. 2. MO images of the smooth flux penetration for wedge-
shaped rectangular film captured at t = 0.59, after ZFC and for
increasing H: (a) 10 Oe, (b) 22 Oe, (c) 38 Oe, and (d) 78 Oe. (e)
Bz profiles taken along the colored dashed lines in the MO images.
The insets show details of Bz around the edges of the film. (f)
Thickness-dependent critical current density at t = 0.78 and H = 8
Oe, obtained by the flux front position along vertical left edge using
the approximation given by Eq. (4). The dashed line is an exponential
fit of the experimental data, with parameters presented in the figure.

rectangular geometry of the film, resulting in black diagonal
lines, also known as discontinuity lines or d lines [67]. The
vertical d line emerges gradually when the field reaches the
center of the film, even though the flux front depth is not
homogeneous and the full penetration field is not unique.
Figures 2(a)–2(d) were selected to highlight the difference
among the thicker and the thinner regions of the specimen.
The fact that we do not observe additional symmetrical d lines
anywhere in the film [53,68] is a strong indication that there
exists a smooth thickness gradient, as represented in Fig. 1(c).
It is important mentioning that two flourishing patterns on the
bottom left edge are due to defects, which favor the flux pene-
tration around them [69] and produce a minor distortion of the
central d line and a slight asymmetry of the side borders. This
type of nonuniform flux penetration due to a thickness varia-
tion has been also observed in a V3Si film [70]. Figure 2(e)

shows examples of the spatial profile of the induction com-
ponent Bz taken for different applied fields, being obtained
from the average on a 208-μm-wide strip around the col-
ored horizontal dashed lines depicted in Figs. 2(a)–2(d). They
present the typical critical statelike profile for different fields,
showing the flux penetration progression for each region.
The zigzag patterns, mainly on the right half of the sample, are
due to domain boundaries in the MO indicator and have little
effect on the flux distribution in the superconducting film.
They also become visible as an asymmetry between the peaks
on the left and the right edges and in the shielded portion
in the flux-free Meissner region up to 38 Oe. Furthermore,
the blue line shows a less pronounced penetration due to the
thinner local thickness. Another consequence of this thickness
modulation within the sample becomes apparent in the insets
of Fig. 2(e): a higher Bz is observed across the edges of the
wedge-shaped film for lower thicknesses. These facts indi-
cate the prominent role played by demagnetization effects on
the sample behavior [41,44]. One immediate effect of such
flux penetration pattern is that this difference in Bz is intrinsi-
cally linked to the superconducting shielding currents across
the film. Therefore, demagnetization effects are a key ingre-
dient in explaining the thickness-modulated superconducting
properties presented by our sample.

In order to crudely estimate the critical current density (Jc)
at different vertical positions, the flux front penetration depth
may be evaluated using MO images. Considering the Bean
model [33,66] for uniform thin films with stripe geometry, Jc

is given by [44,71]:

Jc = πH

d acosh
(

W
W −a

) , (4)

where a is the flux front penetration depth measured from the
long edges. An example of this estimation is given in Fig. 2(f)
for t = 0.78 and H = 8 Oe. The thickness dependence de-
scribed by Eq. (4) arises from geometrical considerations for
an infinitely long stripe [44]. However, this equation does
not explicitly take into account the thickness dependence on
a. For this reason, we have empirically approximated Jc by
an exponentially decaying function of film thickness. This
behavior was also reported by Foltyn et al. for YBCO [72] and
Huebener and Seher for Pb [73], but in those cases for uniform
films, each with a different thickness. Therefore, decreasing
the thickness makes the superconducting film more capable
of self-shielding [44,74]. The contrast in MO images is a
consequence of the penetrated flux and supercurrent density
distributions throughout the superconductor [75]. Thus, when
the superconductor undergoes a phase transition to the normal
state, no contrast throughout the image can be recognized.
Hence, the critical temperature was determined by MOI in
a temperature sweep at zero field after a field cooled (FC)
procedure at HFC = 20 Oe. For the wedge-shaped film, the
image contrast vanishes homogeneously (see Appendix C)
at a single Tc, since there is no significant thickness depen-
dence of Tc in the investigated range (90 nm–154 nm) for Pb
films [76,77]. Alternatively, the specimen can also undergo
a transition to the normal state above the upper critical field
(Hc2) at a certain temperature. Figures 3(a)–3(d) show MO
images taken at t = 0.78 for applied fields higher than the
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FIG. 3. MO images of the smooth flux penetration obtained at
reduced temperature t = 0.78 and applied fields of (a) 56 Oe, (b) 80
Oe, (c) 110 Oe, and (d) 150 Oe. (e) Flux density profiles taken along
the colored dashed lines depicted in (d) for different applied fields.
(f) Thickness-dependent upper critical field at reduced temperatures
of t = 0.69 and t = 0.78 obtained by the analyses of the Bz profile
curves.

full penetration field throughout the film after a ZFC proce-
dure. One can observe that the thicker region of the specimen
fades out when compared to the thinner part. In Fig. 3(a),
four current domains are separated by two V-shaped d lines
in the extremes and a nearly vertical d line in the center
of the film. At 80 Oe [Fig. 3(b)], the borders of the upper
part of the sample practically vanish, but the top V-shaped
d line can still be barely discerned together with the vertical
one. At a higher field (110 Oe), one can distinguish the per-
sistence of the superconducting state only below the smudge,
thanks to the flux distribution and the d lines. The evolution
of these upper d lines can be seen in Fig. 3(d), taken at 150
Oe, where a X-shaped d line can still be recognized. These
observations demonstrate that the upper critical field depends
inversely on the film thickness and reinforces the role played

(a) 5.5 Oe (b) 13 Oe (c) 33 Oe (d) 83 Oe
Numerical simula ons ― t = 0.59

FIG. 4. Simulated distribution of Bz in a wedge-shaped super-
conducting film at t = 0.59 after an applied magnetic field from
zero to (a) 5.5 Oe, (b) 13 Oe, (c) 33 Oe, and (e) 83 Oe. The image
brightness represents the magnitude of Bz. The images show a deeper
and a less pronounced flux front penetration on the upper region
and lower region of the sample, respectively, similar to the MO
observations.

by the thickness variation on the superconducting properties
of thin films.

To obtain Hc2(d ) curves at different temperatures, flux den-
sity profiles along the sample width were analyzed for several
thicknesses. Figure 3(e) shows examples of the spatial profile
of Bz for different fields, being obtained from the average on
a 208-μm-wide strip around the colored horizontal dashed
lines depicted in Fig. 3(d). At low fields, the Bean-like profile
can be recognized for all regions despite restrictions related
to the experimental uncertainty that has a standard deviation
of 4 G [39]. As the applied field is increased, the Bz profile
becomes flatter, however, a slope towards the center of the
sample can still be perceived. When the upper critical field
Hc2 is reached, a roughly position-independent Bz profile takes
place as, for instance, in the red and green profiles for 90
Oe and 100 Oe, respectively. By identifying Hc2 at different
thicknesses, a curve of the upper critical field versus thickness
can be plotted. Figure 3(f) shows the Hc2(d ) taken from the
MO images at reduced temperatures of 0.69 and 0.78. Despite
a relatively important uncertainty in the obtained results, the
data set for t = 0.78 (closed circles) suggests that Hc2 and d
are inversely proportional. A similar Hc2 ∝ d−1 behavior was
also observed for uniform-thickness Pb films [78,79] and for
films made from other metals and alloys [78,80–82]. The data
at t = 0.69 (open circles) is limited by the maximum available
magnetic field at our MOI setup (150 Oe). Nevertheless, an
inverse proportionality between Hc2 and d is also observed at
that temperature.

In order to further analyze the experimental MO results, we
have simulated a wedge-shaped superconducting film using
the TM model framework [50,63], considering the experi-
mental Jc(d ) profile presented in Fig. 2(f). Figure 4 presents
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the distribution of magnetic flux density Bz at [Fig. 4(a)]
5.5 Oe, [Fig. 4(b)] 13 Oe, [Fig. 4(c)] 33 Oe, and [Fig. 4(d)]
83 Oe. The substrate temperature was kept at t = 0.59. In
this case, regions where magnetic flux is absent appear as
black, whereas maximum field corresponds to the brightest
intensity. The main features observed experimentally in Fig. 2
are captured by the numerical simulations. In the thicker re-
gion on the upper edge, the flux front penetrates deeper and
reaches the sample center at around 20 Oe. The flux front in
the bottom region, where the supercurrent density is higher,
achieves the condition of full penetration at 55 Oe, presenting
a better shielding, as in the experiments.

Another interesting feature is the inhomogeneous bright-
ness along the perimeter of the sample. The lower region of
the rim is brighter due to a better shielding ability (higher
Jc), leading to a higher concentration of magnetic flux at the
edges. This increase in the brightness along the bottom rim of
the sample is also observed for the MO images, which can be
observed in the zoom of the Bz profiles close to the edges in
Fig. 2(e).

Besides the described smooth flux penetration, when
the magnetic diffusion is faster than the thermal diffusion,
thermomagnetic instabilities may develop and cause flux
avalanches [64]. This abrupt penetration regime should also
be affected by the thickness gradient. Precisely, it corrobo-
rates the previous analysis of Jc distribution throughout the
specimen, where one expects to trigger more flux avalanches
along the edges with higher Jc [47,52]. Figure 5 shows a series
of MO images taken at t = 0.48 after a ZFC procedure and
slowly increasing the applied field up to 150 Oe and then
decreasing it to negative values. For increasing fields, the pen-
etration pattern is nonuniform as flux avalanches are nucleated
in the thinner region only, whereas from the upper thicker
part the penetration is smooth. It is somehow similar to the
intriguing effect observed by Albrecht et al. [83] for a MgB2
film grown onto a vicinal substrate, which results in a current
anisotropy of 6% among the edges. Numerical simulations
using TM model also presented such avalanche preferential
propagation [84] for different current anisotropies. This phe-
nomenon also appears for the wedged-shaped film, which has
a difference of around 400% in Jc between the thinner and
thicker regions.

The morphology of the flux avalanches depends
strongly on the temperature, as reported by several authors
[50,52,55,85–87]. Our results show that even for a fixed
temperature, but under different conditions of H and Jc

modulated by the thickness variation, the morphology of
the avalanches depends on thickness. Figure 5(a) shows the
first avalanches nucleated exclusively at the thinner region
of the sample, where Jc is higher. In this case, the dendrites
present many long and thin fingerlike patterns, almost without
ramifications. At 32 Oe, branched medium-sized dendrites for
thicknesses around 105 nm (2 mm above the bottom edge) and
new longer fingers at the lower part emerged. For an applied
field of 66 Oe, even larger and more branched dendrites
occur whereas the thicker part develops the critical statelike
penetration. Another important feature of the avalanches in
Fig. 5(c) is their size and the bending of their ramifications
toward the thicker zone. In other words, when a region of
the sample has no avalanches yet, the first branches point

FIG. 5. MO images of the abrupt penetration of flux avalanches
taken at t = 0.48 and fields of (a) 14 Oe, (b) 32 Oe, (c) 66 Oe, and
up to (d) 150 Oe, after a ZFC procedure. Then, the field is decreased
down to (e) 116 Oe, (f) 88 Oe, (g) 0 Oe (the remnant state), and (h)
−4 Oe.

towards the center of the sample, as expected. However,
avalanches triggered at higher fields close to the thicker zone
deviate and propagate towards the flux-free Meissner region.
A possible explanation for this effect relies on the fact that
avalanches avoid crossing the existing ones, as described
earlier by Johansen et al. [88], and there is still flux-free area
in the thicker region, while the thinner region is already filled
with previously triggered flux avalanches. Similar behavior
has also been observed in a work by Choi and coauthors [89]
in which avalanches bend around a gold rim covering only
half of a MgB2 film. Figure 5(d) illustrates the coexistence of
the smooth penetration and the avalanche regimes in a single
sample: at the upper half of the film the flux front already
reached the full penetration state whereas avalanches keep on
developing in the thinner part. In this case, some branches are
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supplanted by the Bean-like penetration around the grayish
spot. It is also important to mention that avalanches are not
triggered in the thicker zone as a consequence of the lateral
heat diffusion, which is larger for this portion, suppressing
the occurrence of avalanches [87].

Additionally, as the critical current density is thickness
dependent, the field needed to trigger avalanches increases for
increasing thicknesses, as found by Vestgården and coauthors
[55]. Considering the Jc(d ) dependency for the wedge-shaped
film and that the thicknesses where avalanches occur in the
range 90 nm–105 nm (a variation of 17%), an important
ingredient for the above described avalanche morphology is
the flux front penetration depth before its occurrence at each
position y (or thickness) [87]. In other words, the deeper initial
penetration produces larger and more branching avalanches.

Contrary to Albrecht et al. [83] findings in MgB2 films with
anisotropic pinning, nonuniform flux penetration is hysteretic
for decreasing fields after a maximum of 150 Oe, i.e., nega-
tive field-polarity avalanches (or antiavalanches) are triggered
throughout all four sample edges and their morphologies
change between the thinner and thicker parts. In this case,
antiavalanches nucleate and propagate into the film already
populated by positive flux trapped by the pinning centers, still
leaving an imprint of positive induction field Bz for H > 0
[90]. Figures 5(e)–5(h) show antiavalanches for 116 Oe, 88
Oe, the remnant state, and −4 Oe, respectively. Fingerlike
antidendrites are triggered along the thinner edges, whereas
medium-sized dendrites are nucleated in the middle of the
film where only smooth penetration took place for increas-
ing fields. At the remnant state and −4 Oe, several highly
branched antidendrites can be seen along all edges, even at
the top one, showing an interesting hysteresis in the flux pen-
etration for increasing and decreasing applied magnetic fields.

Figure 6 shows the simulation results for the avalanche
regime. At lower fields (7.3 Oe and 10 Oe) after a ZFC
procedure, avalanches are triggered in the thinner portion and
present a fingerlike shape, whereas at intermediate fields (12
Oe) a branched avalanche is triggered on the left edge. Further
avalanches are nucleated at the maximum field of 15 Oe and
the Bean-like penetration develops along the upper part of the
sample. For decreasing fields, the region out of the sample
becomes dark, the field Bz is negative below 6.6 Oe and
some small fingerlike antidendrites are triggered on the thin-
ner zone at the remnant state. At negative applied fields,
additional antidendrites with finger shape are nucleated along
the thinner region and branched antiavalanches are also trig-
gered on the thicker region, one of them where the critical
state was established previously. Therefore, the overall fea-
tures of the flux avalanches were confirmed by numerical
simulations.

The hysteresis between both branches of applied field for
triggering flux avalanches can be explained based on the
magnetic properties of type-II superconductors together with
the TM model. Figure 7 shows current maps and profiles
acquired from MO images and simulations for the graded-
thickness film. The experimental result was obtained after the
transformation from Bz to J maps calculated using the algo-
rithm proposed by Meltzer and coauthors [62], considering
the proper thickness profile shown in Fig. 1(c). Moreover,
we chose the MO image taken at t = 0.78 and H = 2 Oe

FIG. 6. Simulated flux penetration into the wedge-shaped film
obtained at t = 0.48 for applied fields gradually increasing to
(a) 7.3 Oe, (b) 10 Oe, (c) 12 Oe, (d) 15 Oe, after a ZFC procedure.
Then, the field is decreased down to (e) 6.6 Oe, (f) the remnant state
(0 Oe), (g) −11 Oe, and (h) −18 Oe.

to minimize artifacts caused by the presence of zigzag do-
mains in the MO indicator. For increasing fields, the shielding
current is mainly confined along the perimeter where the
magnetic flux is penetrated and decreases towards the center
of the sample, as depicted in Fig. 7(a) for both experimental
and simulation data. For decreasing fields after a maximum
value high enough to reach the full penetration state, a more
complex scenario develops because of the flux penetration
and the currents throughout the film. Although in the ex-
perimental MO image for decreasing fields, garnet domains
along the flux front and defects on the edges affect the results,
the comparison to numerical calculations yields a satisfactory
correspondence for both increasing and decreasing fields.

Figure 7(b) shows J profiles taken along the white verti-
cal dashed line close to the right edge of the sample. The
comparison between simulation and experimental data
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FIG. 7. Current maps and profiles captured at t = 0.78 for the
wedge-shaped film. (a) Experimental and theoretical current maps
at 2 Oe, after a ZFC procedure for increasing field, and at the same
H after a maximum value of 150 Oe (decreasing field). A solid red
smudge at the second panel covers the region where vacuum grease
unexpectedly jumped from the cold finger during the experiment.
(b) Thickness dependent current for increasing and decreasing fields,
after a maximum of 150 Oe, both taken at 2 Oe, along the white
vertical dashed line close to the right edge of the film.

indicate a good agreement despite the large fluctuations ob-
served in the latter. These fluctuations arise from nonuniform
flux penetration due to imperfections on the edges. The main
observed feature is that both experiment and simulation show
an enhancement of the current density at same H during the
decrease of the applied field. It is important to note that the
experimental J profiles are obtained directly from the MO
images, being not related to the critical state models. This
explains the discrepancy between experimental and simula-
tion data for decreasing H . For the latter, J is bound by the
exponential relationship revealed for Jc(d ) in Fig. 2(f), as the
simulations do not account for an existing Jc(B) dependency.

Based on these J profiles, avalanches are triggered in
thicker regions for decreasing fields in part as a consequence

of a higher local J . An important ingredient in this case is
the positive feedback due to Joule heating, which depends
strongly on the critical current density [87]. This hysteresis in
the threshold fields for the occurrence of flux avalanches was
first described by Qviller et al. [91]. The main idea is related to
the difference between the applied field H and the local field
Bz close to the edges where avalanches are usually nucleated.
Once the field is reduced after a maximum value, the currents
close to the edges reverse and Bz reaches a minimum value
for a higher value of H in this branch when compared to
increasing fields, resulting in higher Jc(Bz ) curves for de-
creasing applied fields. Therefore, the hysteresis between the
increasing and decreasing fields for triggering flux avalanches
can be completely understood based on the TM model, as well
as the regions where avalanches are triggered and their huge
diversity in morphology.

IV. CONCLUSIONS

In summary, we successfully prepared a rectangular
wedge-shaped film of Pb employing shadow-mask evapora-
tion. We observed a strong Jc(d ) dependency, as the critical
current increased by over a factor of four when going from
the thicker (154 nm) to the thinner (90 nm) edge. When
the upper critical field is reached for a certain thickness, the
superconducting region undergoes a transition to the normal
state revealed by a constant value of Bz along the width of
the film. Moreover, the variation of Jc with thickness pro-
motes a great diversity of flux avalanche patterns at a fixed
temperature. Based on quantitative MOI, the hysteresis of J
profiles for increasing and decreasing applied fields explains
the occurrence of antiavalanches in the upper half of the
specimen. Taking into account the experimental Jc(d ) curve,
the numerical simulations based on the TM model presented
a consistent correspondence with the experimental results.

These findings show that fabricating wedge-shaped spec-
imens, i.e., exhibiting a thickness gradient, is an interesting
strategy to investigate in one and the same sample the material
properties dependent on thickness. For superconductors, Jc,
Hc2, as well as pinning properties can be modulated with
suitable thickness. This possibility is enticing for applications.
For instance, a thickness-graded superconducting film could
be used as a magnetic field sensor. This technology would
be based on the sample’s progressive transition to the normal
state, Hc2(d ), causing such a film to present a detectable field-
modulated resistance.
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APPENDIX A: WEDGE-FILM DEPOSITION

A new all-metal high vacuum chamber was developed to
deposit Pb films employing the conventional thermal evap-
oration technique [92] to achieve controllable conditions to
grow low melting point metals. Pb films were fabricated by
evaporating 99.999% pure lead placed in a tungsten boat
onto a Si (100) substrate. A base pressure of 8×10−7 torr
is achieved using a liquid-nitrogen cold trap far from the
steady substrate holder, which was kept at room temperature.
Due to the quick degradation and short lifetime of Pb when
exposed to air, a cap layer of Ge was deposited to protect it
against oxidation. Throughout the deposition, a quartz crystal
microbalance (QCM) based on the OpenQCM project [93]
was used to monitor the film thickness during deposition.

To avoid contamination during the film deposition, target
metals and substrates were cleaned by chemical wet etching.
We prepared the following solutions: HF:HNO3 with volume
ratio of 1:1 for Ge; CH3COOH:H2O2 with ratio 1:1 for Pb;
and Piranha etch for the Si wafers [94].

In order to produce a wedge-shaped thin film, a diffuse-
shadow mask (DSM) was built and placed inside the chamber
between the Pb crucible and the substrate holder, as illustrated
in Fig. 8. On the left, the Pb vapor is partially blocked by
the crucible shield. The DSM is placed partially covering
the Pb crucible, which takes advantage of the nonpunctual
vapor source to create an area of penumbra identified by
θ and delimited by the dashed red lines delineating the Pb
atom paths traced from the extremes of the crucible dip to
the substrate holder. Red color indicates the uniform and the

FIG. 9. (a) Secondary electron SEM image of a coevaporated
sample. (b) Intensity ratio of Pb/Ge is plotted in red in the main panel
with its ordinate axis on the right. The inset presents EDS spectra
obtained from the regions identified in (a). The thickness versus y
position obtained from the AFM is also plotted for comparison.

wedge-shaped deposition regions for Pb, just below the sub-
strate holder as well as below the DSM. The position of the
crucibles in relation to the shields and shutters was made to
enable the protective Ge vapor to cover all the wedge-shaped
deposition zone. By varying the distance between the DSM
and the substrate holder, we are capable of controlling the area
of penumbra, i.e., the wedge-shaped deposition zone, and thus
change the thickness gradient.

To delineate the edges, another shadow mask was directly
clamped to the substrate. Thus, the resulting film has a rectan-
gular shape of area 2×7 mm2 and the thickness gradient along
the major length.

APPENDIX B: SEM/EDS CHARACTERIZATION

It is noteworthy that the surface roughness of the Ge layer
(the one with which the AFM tip interacts) is uniform all over
the sample, showing grains in the nanometric scale, with an
average area around 1100 nm2. One can observe this mor-
phology in the secondary electron SEM image in Fig. 9(a),
which is somewhat similar to the single Pb layers deposited
on different conditions shown in Refs. [95–97].
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The elemental composition of a given material can be ob-
tained from its EDS spectra [98]. As the detected energy inten-
sity depends on the initial electron beam energy and the aver-
age volume of the droplet-shaped interaction region, EDS may
also be employed to estimate the film thickness [70,99–102].
Most authors use the relation I f /Is ∼ d , where Is (I f ) is the
peak intensity of the substrate (film), to obtain the thickness.
One way to determine d is to scan the incident electron beam
energy to identify at which value the generation of x rays
is confined only to the sample film [99]. Then a calibrated
curve can be generated from known thicknesses to calculate
the thickness of unknown samples. In our case, we kept the
acceleration voltage constant at 5 kV, which is large enough
to interact with all different layers, including the substrate, and
use the Pb/Ge intensity ratio to map the relative profile of the
Pb layer along the gradient thickness of the film.

Thus, we chose the same positions where the AFM imag-
ing was performed and monitored the relative heights of the
x-ray peaks of the three main elements, assuming that the
initial energy of the electron beam penetrates deeply enough
to interact with all layers concomitantly. The inset in Fig. 9(b)
shows the five spectra for the different regions indicated in
Fig. 1(a) in the range 1.08 keV–2.60 keV, where one can iden-
tify the Ge-Lα (1.188 keV), Si-Kα (1.739 keV), and Pb-Mα

(2.342 keV) characteristic radiation [103,104]. Since the Ge
layer is uniform, its peak height is constant for all vertical
positions. As expected, the peak height related to Pb decreases
as the thickness decreases, as indicated in the zoom up in
the center of the graph. Conversely, a higher signal due to Si
is obtained as the superconducting film becomes thinner as
an indication that the electron beam interacts more with the
substrate. Black arrows were added to the peaks to indicate
the decrease in thickness. In contrast to the previous works
cited, we use the intensity peak ratio between Pb/Ge, which is
directly proportional to d , to represent the relative thickness
variation as depicted in the main panel of Fig. 9(b). The error
bars were taken as 5% for the Pb/Ge ratio based on the relative
error of the element amounts. One can observe that the data
follows the general behavior of the thickness determined by
AFM despite the different scale. Therefore, this data confirms
the general behavior of the nonlinear curve for the thickness
variation.

FIG. 10. MO images of the wedge-shaped Pb film as the tem-
perature is risen after a field-cooling procedure up to the lowest
temperature, then the field is set to zero. These images demonstrate
the flux distribution as captured at (a) 2.6 K, (b) 4.5 K, (c) 4.9 K,
(d) 5.1 K, and (e) 5.4 K.

APPENDIX C: CRITICAL TEMPERATURE
DETERMINATION BY MOI

MOI allows the determination of the critical temperature
of a superconducting specimen. This is the case because
MOI can only distinguish between the sample region and
free space under the sample applied magnetic field due to the
shielding properties of the superconductor. Therefore, if a MO
image shows no contrast highlighting the region where the
superconductor is located, the sample is in the normal state.
Figure 10 presents MO images of the investigated wedge-
shaped Pb film. To perform these measurements, the sample
was first field cooled to 2.6 K under an applied magnetic
field of 20 Oe. Then, the field is set to zero and the temper-
ature was progressively raised while a series of MO images
were recorded. This procedure leads to the determination of
T MOI

c = (5.1 ± 0.1) K, as Fig. 10(d) no longer allows the
distinction of the sample region. Importantly, contrast is lost
uniformly across the film. Therefore, the thermal contact be-
tween the Pb film and the cold finger in the experimental setup
is uniform throughout the sample.
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